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1. WORKING DEFINITION OF PORTFOLIO RISK - WHAT IS “RISK"?

In prosaic terms, risk refers to the possibility of something bad happening. In the case of client portfolios, risk usually
refers to the potential for loss of capital due to the fluctuations in price and value of the investments held. Risk is
usually thought of in terms of possibility and severity of losses, during a given time-period.

915

The riskiness of an investment is not measured by beta (a Wall Street term encompassing volatility
and often used in measuring risk) but rather by the probability the reasoned probability - of that
investment causing its owner a loss of purchasing-power over his contemplated holding period.

— Warren Buffet’

Following suit, a practical way of thinking about financial risk is to simply answer the following question: “How much
collateral would a rational lender require in order to finance this asset or portfolio?”. For example, if a bank requires a
20% down-payment on a house, the bank’s loan is protected against a drop of up to 20% in the house value, for the
duration of the loan. If the house were to drop 25% from today’s value, the bank would suffer losses of 5% on its loan.
In a competitive market, a rational bank would not require neither more nor less collateral than necessary to cover its
probable losses, since requiring less collateral would mean loss exposure, and requiring more would reduce the loan
amount (profitability) and potentially even lose the business to a competitor. In this simplified example, the collateral
requirement can be expressed as a single number (i.e., 20%), and encompasses all probabilities and severities
associated with the future loss of value of the house. Trading firms, insurances companies and prime brokers use
similar definitions of risk.

Example 1: Suppose we were asked to finance the
following asset. As illustrated below, it has a 5% chance
of losing $90, and a 95% chance of earning $100. What
collateral should we require?

Answer: $90 since this would cover all potential losses.

Example 2: Let’s make this more realistic. Suppose now that we must finance a $1,000,000 loan on Citigroup Inc.
What collateral should we require? Assume that we can actively monitor the loan, and that our reaction time is one
trading day. The charts below show the daily returns of Citigroup in time series and histogram form.

[example continued on next page]
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Answer: This is a single-stock position, and unfortunately all single stocks can go to zero at any time, in case of a true
Black Swan (fraud, derivatives catastrophe, other). Therefore, if we had to make a loan, we would either require 100%
of the position (i.e. not make a loan) for us to be riskless, or we would have to take a little bit of risk. If we were to
accept a chance of a loss of 1 in 200, a modern risk algorithm would recommend a 19% collateral ($190,000 for a one-
day loan). As an aside, in practice we would require the client holds a portfolio of multiple securities to mitigate the
concentration risk. We will cover how we arrived at the 19% requirement in later sections.

In conclusion, for the purpose of risk scoring, the risk of a portfolio is defined as the amount of collateral that a
rational lender would require to finance said portfolio.
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2. BEYOND STANDARD DEVIATIONS AND THE GAUSSIAN MODEL

Scientists and engineers have long used statistical methods to study the natural world, with incredible success. At the
core of most scientific studies lies one of the most important models known to mankind: the Gaussian Distribution,
also known as the Normal Distribution, or a Bell Curve. Among many incredibly useful properties, this model can be
used to quantify the role of chance and errors in scientific experiments.

Pretty much all the foundational finance models are based on the Gaussian Models. Modern Portfolio Theory, the
Black-Scholes model, Factor models and Black-Litterman all use the Normal Distribution as its main statistical
workhorse.

Students and practitioners in finance are taught early on that according to the Gaussian Distribution, one should see
68.5% of observations within one standard deviation of the mean, 95.4% within two deviations, 99.7% within three
standard deviations and pretty much nothing past four standard deviations. Today, most financial reporting packages
contain at minimum a measure of the standard deviation in their “risk” section.

Sadly, the Gaussian Distribution simply does not work well (or at all) to describe market or economic data and is
pretty much useless for risk estimation. This has been known in the financial literature since the 1960’s. For example,
in 1963, Mandelbrot (one of the most gifted mathematicians in history) shows how poorly the Gaussian Distribution
fits financial data. Eugene Fama, the father of Efficient Market Hypothesis also concludes in his doctoral dissertation,
submitted in 1964, that the probabilistic distribution of stock prices is heavy tailed. According to the Gaussian
Distribution, we should encounter 5-sigma events once every 10,000 years or so. In practice there are literally dozens
of 5-20 standard deviations events every single day.

Heavy tails

This empirical fact led risk management practitioners to modify their statistical models to account for events routinely
happening past three standard deviations. The general term for these models is called ‘heavy tails’ models. The ‘tails’
of a distribution in statistics refer to the areas at the extreme ends of the distribution curve, far from the mean or
median. These tails represent the outcomes that are less likely to occur compared to those near the center of the
distribution. The tails are called ‘heavy’ if they assign larger probabilities to extreme events than what is predicted by
a normal statistical model, indicating a higher likelihood of extreme values.

2. “The Variation of Certain Speculative Prices”, Benoit Mandelbrot, The Journal of
Business, Vol. 36, No. 4 (Oct., 1963), pp. 394-419 WHITEPAPER SERIES | For financial professional use only | Page 5
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Heavy tails models are orders of magnitude better than the Gaussian Model. Here are a few examples:

The Gaussian Model is not marginally worse than heavy-tail models, it is orders of magnitude worse. Here are a few
examples:

e OnFeb6t, 2018, the Dow Jones Index moved a little over 7.4% over a three-day period. This a non-event for any
market practitioner, yet according to the Gaussian Model, this should have happened only once in the past 4,409
years. (2,000 years ago, Julius Cesar was ruling the Roman Empire, 4,500 years ago was the Bronze Age!). Instead, a
heavy-tail model would have assigned a probability of once every 1.36 years to this event.

e The probability of the S&P500 sell-off during Covid 19 was equivalent to a once every 34 million years according to
the Gaussian Model (vs. once in 37 years for a Heavy Tail Model)

e The probability of the crash of October 19th, 1987, was once every
10,000,000,000,000,000,000,000,000,000,000,000,000,000,000 billion years (Scientist think the Universe is 14
billion years old). A heavy tail model (without seeing that observation) would have put a probability of one-in-
eighty years.

Faced with the mountain of empirical evidence, the question naturally arises about the reason for the widespread and
ubiquitous use of the Normal Distribution in Finance. The best answer is simply computational power. Heavy Tail
models are extremely computationally intensive, while the Normal Distribution math can be easily handled by hand,
spreadsheets, and even web browsers. A few minutes on a modern GPU or server cluster can do more than decades of
calculation time using the computers of the 70’s and 80’s. In 2023, the use of a heavy-tail model is table stakes for a
modern Risk Score.

2. “The Variation of Certain Speculative Prices”, Benoit Mandelbrot, The Journal of
Business, Vol. 36, No. 4 (Oct., 1963), pp. 394-419 WHITEPAPER SERIES | For financial professional use only | Page 6
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3. STANDARD DEVIATIONS, VALUE-AT-RISK AND EXPECTED TAIL LOSS

The Normal / Gaussian Distribution posits that roughly 95% of observations should lie between +/- 2 standard
deviations from the. So, in theory, if markets followed a Normal Distribution, we could estimate the risk of an
investment by simply calculating the standard deviation of returns of the investment and multiplying it by its
appropriate standardized quantile (e.g. 1.65 for 95% and 2.33 for 99%, etc.). Early risk practitioners developed a quick
way of comparing the risk between investments by comparing their respective standard deviations. This led to the
development of a method called “Value-at-Risk”, or VaR, which aimed to answer the question of investment risk.
Value-at-Risk refers to a quantile of a probability distribution (typically 95% or 99% or higher).

Ilustration

Suppose we consider investing in the equivalent of the S&P500 index and would like to estimate the risk of the
investment. Let’s assume that based on data from January 2006 onward, the daily standard deviation is 1.25%.
According to the Gaussian model, we should see 95% of the daily returns above -2.06% (=-1.65 * 1.25). Said differently,
the VaR(95%) equals -2.06%. If we were interested in the VaR(99%) number, the answer would be -2.91% (=-2.33 *
1.25%).

There are two major problems with using the VaR approach. The first is a logical/coherence problem, the second is
related to the heavy-tailed nature of the markets.

Let’s assume that we’d like to assign a risk score to the following two investments:

-$1,000

lillustration continued on next page]
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It is obvious that Asset B, with a 2% chance risk of losing $1,000, carries a far greater investment risk than Asset A, who
can only lose a maximum amount of $90. But let’s see how comparing the 95% quantiles would have fared as a risk
score:

The VaR(95%) of Asset A is -$90
The VaR(95%) of Asset B is -$45

The VaR method shows B is less risky than A. It shows that B has half the risk of A. The problem exists because quantile
methods such as VaR are not describing what happens in the worst 5% of scenarios (i.e., the tail), but simply where the
tail begins. Said differently quantile-based methods are only indicating where the risk zone begins but say nothing
about what happens in the risk zone. This is a well-known problem among practitioners and even academia; “VaR is a
non-coherent measure of risk.”?

Astonishingly, certain commercial risk scores still use this approach today.
There is a relatively easy fix to remedy this problem, called Expected Tail Loss (ETL), where we compare the
probability-weighted returns in the tail. By comparing the average of the worse 5% of cases in the example above we

get:

For Asset A, the ETL(95%) =-$90
For Asset B, the ETL(95%) =-$427 [ =-(2%%1,000 + 3%*45) / 5%]

Comparing ETLs rather than quantiles is required for the coherence of the risk score.

Back to the S&P 500 example above. The chart below shows the daily returns of the S&P500 ETF SPY and the Gaussian
VaR at 95% and 99.5% levels:

Daily Returns SPY (%)
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- Gaussian VaR 99.5%
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It is obvious to the naked eye that the green line (Gaussian 95% VaR) gives no useful risk information about the risk of
the S&P500.

3. “Coherent Measures of Risk”, Artzner et al., Mathematical Finance, Vol.9, Issue 3
(Dec., 2001), pp. 2023-228 WHITEPAPER SERIES | For financial professional use only | Page 8
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The red line isn’t much better:
Gaussian VaR(99.5%): 2.57 * sigma = 3.12%
Heavy-tail model ETL(99.5%) = 7.20%

The Gaussian Model underestimates risk by a factor of 2.32x on daily basis, on one of the most well-behaved time-
series in finance, illustrating again why a modern risk score should not use this model.

4. FOR RISK SCORING A PORTFOLIO - IT IS BETTER NOT TO USE CORRELATIONS

Suppose that we need to calculate a risk score for a portfolio comprised of the following positions:

° IBM: 25%

o Citigroup: 25%

° Exxon: 12%

o Procter & Gamble: 15%
° Coca Cola: 6%

° Amazon: 17%

The classic approach would be to first estimate the standard deviation of each holding, then calculate the co-variance
matrix between each investment, and finally combine them all into one result, using linear algebra. This approach was
developed in an era where computing resources were scarce: storing a variance - covariance matrix on a disk
however, was feasible and used a lot less memory than storing the full history of every time series in the portfolio.
These constraints do not apply today and can be safely relaxed.

A1 )

916

Financial markets history is littered with stories of traders who bought an instrument and tried
to reduce the risks by selling a “highly correlated” one against it, only to discover that they doubled
their risks. [...] This effect can lead to disastrous results on gullible managers using such apparatus
as the “value at risk..”

— Nassim Taleb, Dynamic Hedging, 1997, p.45

The better approach is to do away completely with the correlation assumption and to directly recreate the theoretical
returns of the portfolio using today’s weights. By simply adding together the weighted return vectors, no co-
movement information is lost. A heavy tail ETL computed on the resulting time series contains all the interactions
during periods of market volatility.

This process isillustrated in the chart on the next page, where the combined Portfolio time series is simply the
weighted sum of its portfolio components.

WHITEPAPER SERIES | For financial professional use only | Page 9
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Estimating directly the ETL on the combined portfolio time series yields an estimated tail risk of 8.69%. No
correlations or co-movement assumptions were necessary.

5. THE DISPROPORTIONATE EFFECT OF THE TAILS ON INVESTMENT RESULTS

In the natural / Gaussian world, large deviations from the mean have a limited effect on the average of the phenomena
studied. Once 30 or 40 observations have been collected, new observations will influence the mean of the distribution
very modestly. This is not the case in the financial / heavy-tailed world, where the rare is extremely impactful.

Illustration 1

Suppose we were to measure the height of 3,000 adult men at random and found the sample average height to be 69
inches. Now let’s add to our sample the tallest man that ever lived* and recompute the sample average. The new
average height is now (69*3000 + 107) / 3001 = 69.012 in. resulting in an infinitesimal increase.

The same statistical experiment with wealth (an economic variable) instead of height (natural variable) illustrates the
difference between heavy tails and Gaussian worlds. Suppose the average wealth of our sample of 3,000 is $740,000. If
we were to add the richest man in the world® (instead of the tallest) to the sample, the new average would be:

(740,000 * 3000 + 235 * 10%) / 3001 = $79,046,984

This is not a typo the average goes up by a factor of 106. The Gaussian model is not designed to work with wealth.

4. Robert Pershing Wadlow was and remains the tallest man at 8ft, 11 in. /107 in. /326 cm
5. Elon Musk Net Worth was $235 Billion as of this writing WHITEPAPER SERIES | For financial professional use only | Page 10
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Illustration 2

Investment results are in the domain of heavy tails and are also disproportionately impacted by rare events. As of this
writing, a $1,000 investment in the S&P500 ETF in January 2006 would have grown to $4,872. However, the same
$1,000 would have grown to $22,559 if we could have avoided the worst 0.5% of days (the 0.5% left tail). The right tail
is also incredibly impactful and missing the best 0.5% of days would have resulted in the $1,000 investment to grow
only to $1,187.

Thisisillustrated in the chart below:

Importance of the 0.5% Tail

—— SPY Worst 0.5% removed: $22,559
—— SPY Best 0.5% removed: $ 1,187
= SPY All Observations: $4,872
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Illustration 3

The first part of 2023 saw a multitude of headlines® describing the outsized impact of a handful of stocks on the
performance of the S&P500. Between Dec. 31, 2022, and June 1%, 2023, the S&P500 was up 9.7% including dividends.
However, it was calculated that without the ‘big five’ stocks (Apple, Microsoft, Alphabet, Amazon and Nvidia), the
S&P500 would be up just 1.5%.

6. TAIL RISK VS. DRAWDOWN IN RISK SCORING

Tail Risk measures the risk of an investment during a certain time-period (day, quarter, year, etc.). When the time
dimension is removed, the relevant risk measure becomes the drawdown, which happens as a result of consecutive
negative events. Drawdown is more meaningful than tail risk for planning and risk tolerance, it is also easier to explain
and conceptualize.

From a practical/statistical standpoint, comparing the maximum historical drawdown amongst investments poses a
material challenge. This is due to differences in available data and trading start dates. For example, if an investment
started trading in 2019, its historical maximum drawdown cannot be compared directly with the maximum drawdown
of an investment that has been in existence since 2007. It is likely that the first investment would have experienced a
larger maximum drawdown had it been around in 2008, which was a significantly more challenging market

6. “The S&P 500's gains are almost entirely from just five companies” Matt Phillips,
Axios Markets, https://www.axios.com/2023/06/01/sp500-tech-companies-stock-price WHITEPAPER SERIES | For financial professional use only | Page 11
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environment than any other subsequent period. Comparing maximum historical drawdowns only ‘works’ for
investments with very long time series available.

Fortunately, Tail Risk - which can be estimated satisfactorily with much smaller datasets - correlates very highly with
maximum drawdowns. The chart below illustrates the linear relationship between daily tail risk and realized

maximum drawdown for the major asset classes and market sectors.
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This is welcomed news because using tail risk as a measure greatly reduces the data requirements to make
meaningful risk comparisons across investments. This point is further illustrated in the chart below, which shows the
ranking of various assets and sectors using either maximum historical drawdown and using tail risk. The ranking and
magnitude are nearly identical.
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7. TAIL RISK MODEL

The Amplify Model uses the following model to estimate the ETL of an investment based on its time series:

The ETL is given by the equation:
1 re(l-a)
ETL, = Ef_w “x - fy(x) dx

where Q(a) = Fy(a) denotes the quantile function of the investment’s returns, whose CDF is given by the following
formula:

X

1
Fy(x) =0jo_ o

1 —
e 2o fs(s)ds

£ (s) denotes the empirical density of log-volatility of the left tail of the investment’s returns, and is estimated by
means of a gaussian kernel density algorithm.

WHITEPAPER SERIES | For financial professional use only | Page 13
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8. THE AMPLIFY RISK SCORE: FROM 0 TO 1,000

In the following, SPY refers to the S&P500 Index ETF.

We analyzed all 35,000 stocks, ETFs and Mutual Funds available in the US. For each we calculated the following
metrics:

Simple Beta vs SPY Simple linear regression coefficient using all available data.
Answers the question: On average, when the market moves 1%,
the investment moves X%.

Crash Beta vs SPY Simple linear regression coefficient using only data in the best
and worse 5% of days. Answers the question: On average, when
the market is in a tail event, the investment moves X% per 1%
market move.

Tail Risk ETL of the investment using all available data.
Max Drawdown Max Drawdown using all available data
Same-Period SPY Tail Risk Estimated tail risk of SPY using the same time-period as the

symbol studied.

Same-Period SPY Drawdown Estimated tail risk of SPY using the same time-period as the
symbol studied.

The chart below shows the distribution of the ratio of tail risk vs same-period SPY tail risk for all 35,000 symbols.

Ratio: Tail Risk / Same-Period SPY
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Plotting the same information on a log-scale yields makes it more legible and shows the large number of names that
have much larger risk than the S&P500:

Histogram of log(TailRatio)

6000 —

5000 |
4000
&
2 3000
2000 |
1000 Source: EODHD
0 =
I I I 1
4 2 0 2
log(TailRatio)
Symbol Tail Risk / Same-Period SPY Tail Risk Ratio Percentage of observations
<1.0 50%
>1.2 30%
>2.0 17%
>3.0 10%
>10 2%

According to this chart, 17% of all investments had a risk that was at least twice the risk of the S&P500, 10% had a risk
that was more than three times, and 2% had a risk that was ten times that of the S&P500.

This is a crucial insight. While most of the professionally managed portfolios will likely fall around between the risk of
a money market account and that of a well-diversified stock portfolio, a risk score that has a cut-off too close to that of
the S&P500 will significantly distort the information conveyed to the user, because it ‘compresses’ risk information

too much.

For instance, if the S&P500 is given a risk score of 75, and a cut-off score of 100 is used, then there is no meaningful

differentiation possible past a score of 90 (1.2x times the risk of the S&P500 - i.e., where 30% of the investable
universe lives). Such a score cannot differentiate between a mega-cap stock like Apple (1.34 times as risky as the

WHITEPAPER SERIES | For financial professional use only | Page 15
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S&P500), and between a 2x levered ETF, a 3x levered ETF, and the multitude of small cap stocks. This may be
acceptable if the goal of the score is to have a simple an engaging discussion with a client, but it would render the
score useless for portfolio construction and for compliance alerts. A mere difference of 3 points north of 90 could
mean the same difference in risk as 35-point difference south of 75. It is thus critical to allow linearity of risk
interpretation for much higher multiples of the risk of the S&P500.

The Amplify Risk Score is designed to facilitate portfolio construction and compliance alert workflows as well as
communication. Here are the three main design features:

Allinvestments are scored against the S&P500. By construction, the S&P500 has a score of 100.
Cash has a score of 0.
The max risk cut-off is 1,000.

This results in an easy-to-interpret risk scale:

ADVISOR PORTFOLIOS STOCKS HIGH VOLATILTIY
100 220 1,000
SPY 100 Qaaq 104 TSLA 251
AGG 25 AAPL 134 M 235
SHY 7 JPM 190 SPXL 285
GLD 62 SDS 196 UVXY 508
75% SPY / 25% SHY 78 ARKK 169 BTZI 1,231
50% SPY / 50% SHY 54 GOOGL 128 MARA 699
SDRIX 53 BX 205 PT 430
S8uUs 71 v 125 GBTC 327

Concluding Remarks
As stated above, the overwhelming majority of professionally managed portfolios will fall between 0 and 100, as this is
the natural range for well-diversified portfolios of stocks, bonds and commodities.

Color coding: More equities (which leads typically to more risk) in a portfolio doesn’t necessarily mean ‘red’. If a
client portfolios risk is aligned with the proper level of risk, it should be ‘green’, because that is what is right for
them.

Risk and reward go hand-in-hand only for properly diversified portfolios. Once idiosyncratic risk starts to
dominate, the relationship may break down.

A single stock true tail risk is always 100% because of exposure to black swans (frauds, catastrophes, etc.). The
score only represents the tail risk assuming the investment will continue to exist. It is still informative and allows
to make meaningful comparisons amongst investment opportunities, but a portfolio should not be compared to a
single stock.

WHITEPAPER SERIES | For financial professional use only | Page 16



WHITEPAPER SERIES Q Ompllrk,i

602.562.7800
growth@amppf.com
amplifyplatform.com

Copyright © 2023 by Amplify Technology, LLC. All rights reserved.

Amplify Technology, LLC (“Amplify”) is not a registered investment adviser. Its services are for informational purposes only and do not
constitute investment advice or recommendation. Please consult a registered investment adviser before using Amplify and its services.



